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Abstract
Let p be a positive integer and G= (V ,E) a graph. A subset S of V is a p-dominating set if every vertex of V − S is dominated at
least p times, and S is a p-dependent set of G if the subgraph induced by the vertices of S has maximum degree at most p − 1. The
minimum cardinality of a p-dominating set a of G is the p-domination number p(G) and the maximum cardinality of a p-dependent
set of G is the p-dependence number p(G). For every positive integer p2, we show that for a bipartite graph G, p(G) is bounded
above by (|V | + |Yp|)/2, where Yp is the set of vertices of G of degree at most p − 1, and for every tree T, p(T ) is bounded below
by p−1(T ). Moreover, we characterize the trees achieving equality in each bound.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Domination in graphs is now well studied in graph theory. For more details on this subject, see the books of
Haynes et al. [8,9]. We consider ﬁnite, undirected, and simple graphs G with vertex set V (G) and edge set E(G).
The number of vertices |V (G)| of a graph G is called the order of G and is denoted by n(G). We use V, E and n
if there is no ambiguity. The open neighborhood of a vertex v ∈ V is N(v) = {u ∈ V | uv ∈ E} and the closed
neighborhood is N [v] = N(v) ∪ {v}. A set S ⊆ V is a dominating set if for each vertex v ∈ V − S, N(v) ∩ S = ∅.
The domination number (G) is the minimum cardinality of a dominating set and the independence number (G) is
the maximum cardinality of a set that is both independent and dominating. It is well known that (G)(G) for any
graph G.
In [5,6], Fink and Jacobson introduced the concepts of p-domination and p-dependence. Let p be a positive integer.
A subset S of V is a p-dominating set of G if for every vertex v ∈ V − S, |N(v) ∩ S|p. A p-dependent set is a
subset D of V such that the maximum degree in the subgraph induced by the vertices of D is at most p − 1. The
p-domination number p(G) is the minimum cardinality of a p-dominating set of G, and the p-dependent number
p(G) is the maximum cardinality of a p-dependent set of G. Notice that the 1-dominating set (resp., the 1-dependent
set) is a dominating set (resp., independence set), and so (G) = 1(G), 1(G) = (G). We also note that every graph
has a p-dominating set and a p-dependent set since the vertex set V (G) and every maximal independent set of G are
such sets, respectively. In [4], Favaron proved that p(G)p(G) for every graph G and every positive integer p.
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For a generic parameter (G), we call a set satisfying the property for the parameter and having cardinality (G),
a (G)-set.
We make a straightforward observation.
Observation 1. Every p-dominating set of a graph G contains any vertex of degree at most p − 1.
For notation and graph theory terminology we follow [3,8]. The degree of a vertex v of G, denoted by degG(v), is
the size of its open neighborhood. For a subset A of V (G), G[A] will denote the subgraph induced by the vertices of
A. Speciﬁcally, for a vertex v in a rooted tree T, we let C(v) and D(v) denote the set of children and descendants,
respectively, of v, and we deﬁne D[v] = D(v) ∪ {v}. The maximal subtree at v is the subtree of T induced by D[v],
and is denoted by Tv . A leaf of T is a vertex of degree 1, while a support vertex of T is a vertex adjacent to a leaf. For a
positive integer p2, we denote the set of vertices of T of degree at most (p − 1) by Lp(T ). Notice that if p = 2 then
L2(T ) is the set of leaves of T where |L2(T )| = (T ).
2. Upper bounds
We ﬁrst give an upper bound for the p-domination number in a bipartite graph.
Theorem 2. Let p be a positive integer. If G is a bipartite graph then,
p(G)(n + |{x ∈ V : degG(x)p − 1}|)/2.
Proof. Let G be a bipartite graph with D is the set of all vertices of G of degree at most p − 1. By Observation 1, D is
contained in every p(G)-set. Now, let A be a maximum independent set of G[V − D] and let B = V − D − A. Then
every vertex of A has degree at least p and all its neighbors are in B ∪ D. Thus B ∪ D is a p-dominating set of G and
so p(G) |B ∪ D|. The result follows immediately by the fact that |B|(n − |D|)/2 |A|. 
The following result can be found in the paper by Stracke and Volkmann [11], and it easily follows from a result by
Caro and Roditty [2].
Theorem 3. Let p1 be an integer. If G is a graph with minimum degree (G)2p − 1, then
p(G)
n(G)
2
.
For p2, our Theorem 2 yields for the special class of bipartite graphs the following better result as corollary.
Corollary 4. Let p1 be an integer. If G is a bipartite graph with minimum degree (G)p, then
p(G)
n(G)
2
.
On the other hand, for p = 2 we have the following corollary:
Corollary 5 (Blidia et al. [1]). If T is a nontrivial tree, then
2(T )(n(T ) + (T ))/2.
The corona of a graph H is a graph containing 2|V (H)| vertices and constructed from a copy of the graph H where
each vertex of V (H) is adjacent to exactly one vertex of degree one. To see that the bound in Theorem 2 is achieved,
consider the corona graph of the complete bipartite graph Kp−1,p−1. Then n = 2(2p − 2), the number of vertices of
degree at most p − 1 is equal to 2p − 2, and p(G) = 3(p − 1).
Next we give a necessary condition for sharpness equality in the upper bound of Theorem 2. A matching in a
graph G is a subset of pairwise nonincident edges. The matching number (G) is the size of a largest matching in G.
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A matching is said to be perfect if 2(G) = n(G). By well-known theorems of König [10] and Gallai [7], the identity
(G) + (G) = n(G) is valid for bipartite graphs G.
Proposition 6. Letp2 be a positive integer. IfG is a bipartite graphwith p(G)=(n+|{x ∈ V : degG(x)p−1}|)/2
then the subgraph induced by the vertices of V (G) − {x ∈ V : degG(x)p − 1} has a perfect matching.
Proof. Following the notation introduced in the proof of Theorem 2, we have |B|= (n−|D|)/2=|A|. Thus, (G[V −
D]) = n/2 and so the graph G[V − D] has a perfect matching. 
To see that the converse of Proposition 6 is not true, consider the tree T formed by a path P3 where each vertex of
P3 is attached by an edge to a center vertex of a path P3. Then n = 12, |L2(T )| = 6. For p = 2, the subgraph induced
by V (T ) − L2(T ) is a corona of P3 having a perfect matching but 2(T ) = 8<(n + |L2(T )|)/2 = 9.
Next we are interested in characterizing the trees attaining equality in Theorem 2.A nontrivial treeT is calledNp-tree
if T contains a vertex say w of degree at least p − 1 and for every vertex of x ∈ V (T ) − {w}, degT (x)p − 1. We
will call w the special vertex of T . ANp-tree of special vertex w is called exact if degT (w) = p − 1. The subdivided
star K1,p (p1) is an example of aNp-tree.
Observation 7. Let p2 be a positive integer and T a tree obtained from aNp-tree T0 of special vertex w by adding
an edge between w and a vertex v of a tree T ′. Then,
(1) p(T ′)p(T ) − (|V (T0)| − 1) with equality if either degT0(w)p or degT ′(v)p − 1.(2) p−1(T )p−1(T ′) + (|V (T0)| − 1).
Proof. Let T be a tree obtained from aNp-tree T0 of special vertex w by adding an edge between w and a vertex v
of a tree T ′.
(1) Let S be a p(T )-set. Then by Observation 1, S contains V (T0) − {w} and without loss of generality w /∈ S else
replace w in S by v. Thus S − (V (T0) − {w}) is a p-dominating set of T ′, so p(T ′)p(T ) − (|V (T0)| − 1). Now
if degT (w)p then w is p-dominated by its neighbors of T0 and if degT ′(v) = p − 1 then v is in every p(T ′)-set.
It follows that every p(T ′)-set can be extended to a p-dominating set of T by adding the set V (T0) − {w}, so we have
p(T )p(T ′) + (|V (T0)| − 1) implying equality.
(2) Obvious. 
We introduce the familyFp of all trees T that can be obtained from a sequence T1, T2, . . . , Tk (k1) of trees, where
T1 is an exactNp-tree, T = Tk , and, if k2, Ti+1 can be obtained recursively from Ti by one of the two operations
listed below.
• Operation O1: Attach aNp-tree of special vertex w of degree at least p by adding an edge from w to a vertex of Ti
of degree exactly p − 1.
• Operation O2: Attach an exactNp-tree of special vertex w by adding an edge from w to a vertex u of Ti of degree
exactly p − 1, and adding t (t0) new trees of maximum degree at most p − 2 each one attached to u.
Theorem 8. Let T be a nontrivial tree and p2 a positive integer. Then p(T )= (n+|Lp(T )|)/2 if and only if either
(T )p − 2 or T ∈Fp.
Proof. We ﬁrst prove the sufﬁcient condition. If (T )p − 2 then |Lp(T )| = n and so p(T ) = (n + |Lp(T )|)/2.
Suppose now that (T )p − 1 and T ∈Fp. Then T is obtained from a sequence T1, T2, . . ., Tk (k1) of trees, where
T1 is an exactNp-tree, T = Tk , and, if k2, Ti+1 can be obtained recursively from Ti by one of the two operations
deﬁned above. We will proceed by induction on k. If k = 1, then T is an exactNp-tree where p(T ) = |Lp(T )| = n
and so p(T ) = (n + |Lp(T )|)/2. This establishes the basis case.
Assume now that k2 and that the result holds for all trees T ∈ Fp that can be constructed from a sequence of
length at most k − 1, and let T ′ = Tk−1. By induction applied toF′p ∈T we have p(T ′) = (n(T ′) + |Lp(T ′)|)/2.
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Let T be a tree obtained from T ′ and S a p(T )-set. We consider the following two cases:
Case 1: T is obtained from T ′ by using operation O1. Let T0 denote theNp-tree added to T ′ and v the vertex of T ′
attached to w. Then n(T )=n(T ′)+n(T0) and |Lp(T )|= |Lp(T ′)|+ |V (T0)|−2. By Observation 7, p(T )=p(T ′)+
|(V (T0)−{w})|.Applying the inductive hypothesis to T ′, it is a routinematter to check that p(T )=(n(T )+|Lp(T )|)/2.
Case 2: T is obtained from T ′ by using operation O2. Let T0 denote the exact Np-tree of special vertex w and
H1, . . . , Ht with t0, t new trees of maximum degree at most p − 2 attached to v ∈ T ′ where degT ′(v)=p − 1. Then
n(T ) = n(T ′) + n(T0) +
t∑
i=1
|V (Hi)|,
and
|Lp(T )| = |Lp(T ′)| − 1 + |(V (T0) − {w})| +
t∑
i=1
|V (Hi)|.
Every p(T ′)-set contains v since degT ′(v)=p − 1, so every p(T ′)-set can be extended to a p-dominating set of T by
adding the set V (T0) − {w} and all the vertices of Hi for every i, so
p(T )p(T ′) + |V (T0)| − 1 +
t∑
i=1
|V (Hi)|.
On the other hand, by Observation 1, V (T0) − {w} and V (Hi) for every i are contained in S, and since degT (w) = p,
we may assume that w /∈ S and v ∈ S to p-dominate w. Thus, S minus the sets V (T0) − {w} and V (Hi) for every i is a
p-dominating set of T ′ implying that
p(T
′)p(T ) − |V (T0)| + 1 −
t∑
i=1
|V (Hi)|,
and so
p(T ) = p(T ′) + |V (T0)| − 1 +
t∑
i=1
|V (Hi)|.
Using the induction on T ′, we obtain p(T ) = (n(T ) + |Lp(T )|)/2.
Conversely, Let T be a nontrivial tree with p(T ) = (n(T ) + |Lp(T )|)/2 for a positive integer p2. Suppose that
(T )p − 1 and let B(T ) = {x ∈ V (T ) : degT (x)p − 1}. Clearly B(T ) = ∅. We proceed by induction on the size
of B(T ). If |B(T )| = 1 then T is an exactNp-tree and hence T ∈Fp. This establishes the basis case.
Let |B(T )|2 and assume that every tree T ′ with |B(T ′)|< |B(T )| such that p(T ′) = (n(T ′) + |Lp(T ′)|)/2
is inFp.
Let T be a tree with p(T ) = (n(T ) + |Lp(T )|)/2 and S a p(T )-set. If every vertex of T has degree at most p − 1
then T is an exactNp-tree. So assume that (T )p. Then T has at least two vertices of degree at least p for otherwise
p(T ) = n − 1 = (n(T ) + |Lp(T )|)/2 since |Lp(T )| = n − 1, a contradiction.
We now root T at a vertex r of maximum eccentricity. Let w be a vertex of degree at least p at maximum distance
from r. Such a vertex exists since (T )p. Clearly w = r and Tw is aNp-tree. Let u be the parent of w in the rooted
tree. We consider two cases:
Case 1: degT (w)p+1. Let T ′ =T −Tw. By Observation 7, p(T )=p(T ′)+|D(w)|.We show that degT (u)=p.
Assume to the contrary that degT (u) = p. Then |Lp(T )|=|Lp(T ′)|+|D(w)| and so p(T ′)=p(T )−|D(w)|(n(T ′)+
|Lp(T ′)|)/2 implying that p(T )(n(T )+|Lp(T )|)/2− 12 , a contradiction. Sowe have degT ′(u)=p−1.Consequently,|Lp(T )| = |Lp(T ′)| + |D(w)| − 1. It is easy to see that p(T ′) = (n(T ′) + |Lp(T ′)|)/2 with |B(T ′)|< |B(T )|. By
induction on T ′ we have T ∈ Fp. Therefore, T ′ ∈ Fp and is obtained from T ′ by using operation O1. From now on
we may assume that every vertex of C(u) has degree at most p.
Case 2: degT (w)=p.We ﬁrst prove that degT (u)p. Suppose to the contrary that degT (u)<p and let T ′ =T −Tw.
If T ′ has order one, that is r = u, then V (T ) − {u} is a p(T )-set and p(T ) = n − 1<(n(T ) + |Lp(T )|)/2 = n − 12 .
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ThusT ′ contains at least twovertices. Sinceu ∈ Lp(T )∩Lp(T ′), we have |Lp(T )|=|Lp(T ′)|+|D(w)|. ByObservation
7, p(T ) = p(T ′) + |D(w)| and by Theorem 2, p(T ′)(n(T ′) + |Lp(T ′)|)/2. It follows that p(T )< (n(T ) +
|Lp(T )|)/2, a contradiction. Let us denote C(u) by {w, y1, . . . , yk} where k = degT (u) − 2.
Next we show that every vertex in C(u) − {w} has degree at most p − 1. Assume that there is a vertex z = w such
that degT (z) = p.
Let
T ′ =
{
T − (Tw ∪ Tz) if degT (u) = p,
T − Tw if degT (u)p + 1.
Then we have p(T ) = p(T ′) + |D(w)| + |D(z)|, |Lp(T )| = |Lp(T ′)| + |D(w)| + |D(z)| − 1 and n(T ) =
n(T ′) + |D(w)| + |D(z)| + 2 if degT (u) = p, and p(T ) = p(T ′) + |D(w)|, |Lp(T )| = |Lp(T ′)| + |D(w)| and
n(T ) = n(T ′) + |D(w)| + 1 if degT (u)p + 1. Since by Theorem 2, p(T ′)(n(T ′) + |Lp(T ′)|)/2, it follows that
p(T )< (n(T ) + |Lp(T )|)/2, a contradiction.
Now let T ′ = T − Tw −⋃k+2−pj=1 Tyj . Then T ′ is nontrivial and degT ′(u) = p − 1. By Observation 7(1),
p(T ) = p(T ′) +
∣∣∣∣∣∣D(w) ∪
⎛
⎝k+2−p⋃
j=1
D[yj ]
⎞
⎠
∣∣∣∣∣∣ ,
n(T ) = n(T ′) +
∣∣∣∣∣∣D(w) ∪
⎛
⎝k+2−p⋃
j=1
D[yj ]
⎞
⎠
∣∣∣∣∣∣+ 1
and
Lp(T ) = Lp(T ′) +
∣∣∣∣∣∣D(w) ∪
⎛
⎝k+2−p⋃
j=1
D[yj ]
⎞
⎠
∣∣∣∣∣∣− 1,
implying that p(T ′) = (n(T ′) + |Lp(T ′)|)/2 with |B(T ′)|< |B(T )|. By induction applied to T ′, we have T ′ ∈ Fp.
Thus, T ∈Fp and can be obtained from T ′ by using operation O2. 
3. Lower bound
We now present a lower bound relating the p-domination number and the (p − 1)-dependent number for any tree T .
Theorem 9. If T is a tree then for every positive integer p2, p(T )p−1(T ).
Proof. Let T be a tree. Clearly the result is valid if (T )p − 1 since p(T ) = n, so assume that (T )p. Let
B(T ) the set of vertices of T having degree at least p. Then |B(T )|1. We proceed by induction on the size of B(T ).
If |B(T )| = 1 then p(T ) = n − 1 and p−1(T )n − 1, so p(T )p−1(T ). Establishing the basis case.
Let |B(T )|2 and assume that every tree T ′ with |B(T ′)|< |B(T )| satisﬁes p(T ′)p−1(T ′). Let T be a tree.
Root T at a vertex r of maximum eccentricity and let w be a vertex of degree at least p of maximum distance of r . Since
r is a leaf, r = w. Let T ′ = T − Tw. Then 1 |B(T ′)| |B(T )| − 1 or (T ′)p − 1. By induction on T ′, we have
p(T
′)p−1(T ′). The result follows from Observation 7. 
Corollary 10 (Blidia et al. [1]). If T is a tree then, 2(T )(T ).
AnNp-tree T of special vertex w is called weak if degT (x)p − 2 for every vertex x ∈ V (T ) − N [w].
To characterize the tree T attaining equality in the lower bound of Theorem 9, we introduce the family of treesAp of
all trees T that can be obtained from a sequence T1, T2, . . . , Tk (k1) of trees, where T1 is a weakNp-tree of special
vertex w of degree at least p, T = Tk , and, if k2, Ti+1 can be obtained recursively from Ti by the two operations
deﬁned below. Let A(T1) = V (T1) − {w}.
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• OperationT1: Add a weakNp-tree T0 of special vertex w of degree at least p to any vertex of Ti . Let A(Ti+1) =
A(Ti) ∪ (V (T0) − {w}).
• OperationT2: Add a weakly exactNp-tree T0 of special vertex w to any vertex of A(Ti). Let A(Ti+1) = A(Ti) ∪
(V (T0) − {w}).
We state a lemma.
Lemma 11. If T ∈Ap then A(T ) is both the unique p(T )-set and the unique p−1(T )-set.
Proof. Let T be a tree ofAp. Then T is obtained from a sequence T1, T2, . . . , Tk (k1) of trees, where T1 is a weak
Np-tree of special vertex w of degree at least p, T = Tk , and, if k2, Ti+1 can be obtained recursively from Ti by
the operations deﬁned above. We will proceed by induction on k. If k = 1 then T is a weakNp-tree of special vertex
w of degree at least p, so A(T ) = V (T ) − {w} is indeed both the unique p(T )-set and the unique p−1(T )-set. This
establishes the basis case.
Assume that k2, and the result is valid for every tree ofAp that can be constructed from a sequence of length at
most k − 1 operations. Let T ′ = Tk−1. By applying the induction hypothesis on T ′ we know that A(T ′) is a unique
p(T
′)-set and a unique p−1(T ′)-set. Let T be a tree ofAp obtained from T ′. We consider two cases:
Case 1: T is obtained from T ′ by operationT1. Let T0 be the weakNp-tree of special vertex w of degree at least p
attached to a vertex v ∈ T ′. Then by Observation 7, we have p(T )=p(T ′)+ (|V (T0)|−1). Since every p−1(T ′)-set
can be extended top-dependent set ofTby adding the setV (T0)−{w} it follows thatp−1(T )p−1(T ′)+(|V (T0)|−1).
By Observation 7 we have p−1(T ) = p−1(T ′) + (|V (T0)| − 1).
Assume now that A(T ) is not the unique p(T )-set and let S be a second p(T )-set. Then S must contain w for
otherwise S − (V (T0) − {w}) is a second p(T ′)-set, contradicting the uniqueness of A(T ′). Also, v /∈ S and v has
exactly p − 1 neighbors in (S ∩ T ′) for otherwise S ∩ T ′ is a p-dominating set of T ′ of size less than A(T ′) or v is
not p-dominated by S. Thus, S′ = {v} ∪ S − {w} is a p(T )-set and it follows that S′ ∩ T ′ =A(T ′) implying that v has
degree p − 1 in the subgraph induced by A(T ′), contradicting the fact that A(T ′) is a p−1(T ′)-set.
Now since every p−1(T )-set must contain V (T0) − {w} it follows that A(T ) is the unique p−1(T )-set.
Case 2: T is obtained from T ′ by operationT2. Let T0 be the weakly exactNp-tree of special vertex w attached to a
vertex v ∈ T ′. Similar to the above, we have p−1(T )=p−1(T ′)+(|V (T0)|−1). By Observation 7, p(T ′)p(T )−
(|V (T0)|−1) and since A(T ′) can be extended to a p-dominating set by adding V (T0)−{w} we have p(T )p(T ′)+
(|V (T0)|− 1) implying equality. Using a similar argument as before, we conclude that A(T ) is a unique p(T )-set and
a unique p−1(T )-set. 
Theorem 12. Let T be a tree and p2 a positive integer. Then the following statements are equivalent:
(1) p(T ) = p−1(T ),
(2) (T )p − 2 or T ∈Ap,
(3) T has a unique p(T )-set that is also a unique p−1(T )-set.
Proof. (1) implies (2). Let p2 a positive integer and T a tree with p(T )= p−1(T ). Assume that (T )p − 1 and
since there is no tree T with p(T )=p−1(T ) and(T )=p−1, let(T )p. Let B(T )={x ∈ V (T ) : degT (x)p}.
We will proceed by induction on the size of B(T ). If |B(T )| = 1 then p(T ) = p−1(T ) = n − 1 and so T is a weak
Np-tree of special vertex of degree at least p, so T ∈Ap. This establishes the basis case.
Let |B(T )|2 and assume that every tree T ′ with |B(T ′)|< |B(T )| such that p(T ′)= p−1(T ′) is inAp. Let T be
a tree with p(T ) = p−1(T ) and S be a p−1(T )-set.
Root T at a vertex r of maximum eccentricity and let w be a vertex of degree at least p of maximum distance from r.
ThenTw is an (exact)Np-tree. Let u be the parent ofw in the rooted tree. LetT ′=T −Tw. ThenB(T ′) = ∅ for otherwise
as assumed abovewewill haveB(T )={w, u}with degT (u)=p. In this case p(T )=n−1> p−1(T ), a contradiction.By
Observation 7, p(T )=p(T ′)+|D(w)| andp−1(T )p−1(T ′)+|D(w)|.Assume thatp−1(T )< p−1(T ′)+|D(w)|
then
p(T
′) + |D(w)| = p(T ) = p−1(T )< p−1(T ′) + |D(w)|
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implying that p(T ′)< p−1(T ′), contradicting Theorem 9. Thus, p−1(T ) = p−1(T ′) + |D(w)|. Since D(w) ⊂ S,
we conclude that degT (x)p − 2 for every x ∈ D(w)−C(w). From the above two equalities on p(T ) and p−1(T )
we have p(T ′)= p−1(T ′). Applying the inductive hypothesis to T ′, it follows that T ′ ∈Ap. Thus, T ∈Ap and can
be seen as follows:
If degT (w)p + 1 then Tw is a weakNp-tree of special vertex w, so T is obtained from T ′ by using operationT1.
If degT (w) = p then Tw is a weakly exact Np-tree of special vertex w, so T is obtained from T ′ by using
operationT2.
(2) implies (3). If (T )p − 2 then V (T ) is both a unique p(T )-set and unique p−1(T )-set. Now if T ∈ Ap
then by Lemma 11 A(T ) is both a unique p(T )-set and unique p−1(T )-set.
(3) implies (1). Obvious. 
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